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Abstract 

We elucidate the geometry of the polynomial formulation of the 
non-abelian Stiickelberg mechanism. We show that a natural 
off-shell nilpotent BRST differential exists allowing to implement 
the constraint on the a field by means of BRST techniques. This 
is achieved by extending the ghost sector by an additional U(l) 
factor (abelian embedding). An important consequence is that a 
further BRST-invariant but not gauge-invariant mass term can 
be written for the non-abelian gauge fields. As all versions of 
the Stiickelberg theory, also the abelian embedding formulation 
yields a non power-counting renormalizable theory in D = 4. We 
then derive its natural power-counting renormalizable extension 
and show that the physical spectrum contains a physical massive 
scalar particle. Physical unitarity is also established. This model 
implements the spontaneous symmetry breaking in the abelian 
embedding formalism. 
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1 Introduction 



The Stiickelberg formalism ^ |5] allows for a gauge-invariant mass term 
for non-abelian vector bosons without the need to introduce physical scalar 
fields in the classical action. The main disadvantage of the non-abelian 
Stiickelberg mechanism is the fact that it yields a non power-counting renor- 
malizable theory. In particular the Stiickelberg mass term 

\m 2 Ti[{A^ - -nd^) 2 ) , (1) 

with Q = exp(igT a ip a (x)) an element of the non-abelian gauge group G, 
contains an infinite number of interaction vertices involving the fields ip a (x). 

There have been some attempts in the literature aiming at a polynomial 
formulation of the Stiickelberg mechanism 005]. It is hoped that a polyno- 
mial interaction could help in establishing a consistent subtraction scheme 
for the definition of the Stiickelberg theory at the quantum level. 

In Ref. [H] it has been pointed out that a polynomial action implement- 
ing the Stiickelberg construction can be derived from an interpolating action 
which reproduces for different choices of its parameters the Stiickelberg the- 
ory, the Higgs model as well as an embedding of the Higgs model which 
includes additional physical scalar fields. The construction makes use of a 
BRST-like (on-shell nilpotent) symmetry involving a pair of ghost-antighost 
fields which are singlet under the non-abelian gauge transformations. An 
extension of this approach has been used in JJJJ in order to propose a model 
for massive gauge bosons without fundamental scalars. 

In this paper we elucidate the geometry of the polynomial formulation 
of the Stiickelberg theory. We show that the requirement of polynomial- 
ity of the Stiickelberg interaction can be formulated by means of a truly 
off-shell nilpotent BRST symmetry. This leads to an abelian embedding 
implementing the a model constraint by means of an additional U(l) pair 
of ghost-antighost fields. These fields play the role of the G-singlet ghost- 
antighost fields proposed in [0]. Moreover it turns out that an abelian gauge 
connection can be introduced and given a mass without violating the 
BRST invar iance. can be chosen to be a free massive U(l) field. 

The BRST invariants of this theory are particularly interesting in the 
case of the group SU(2). For this group a polynomial composite vector field 
can be constructed which transforms as a connection under the BRST dif- 
ferential (but not under the SU(2) gauge transformations). The rather sur- 
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prising consequence is the possibility to generate a new polynomial BRST- 
invariant but not gauge- invariant mass term for the non-abelian gauge fields. 

As all known versions of the Stiickelberg mechanism, the abelian em- 
bedding model is not power-counting renormalizable. We then study an 
extension thereof which is both power-counting renormalizable and physi- 
cally unitary. Its physical spectrum is analyzed by BRST techniques and 
shown to contain the three physical polarizations of the massive gauge fields 
as well as a physical scalar particle. We prove by cohomological techniques 
that this theory is indeed physically unitary to all orders in the perturbative 
expansion and give the whole set of counterterms of the model. 

This theory provides an alternative implementation of the spontaneous 
symmetry breaking. Since it is power-counting renormalizable, one could 
conjecture that it is physically equivalent to the Higgs model, i.e. that 
it yields the same physical S-matrix elements. The check of the physical 
equivalence in the perturbative expansion is an interesting question which 
deserves to be further investigated. 

The paper is organized as follows. In Sect. [2] we briefly review the stan- 
dard formulation of the Stiickelberg model based on the use of a flat connec- 
tion for the gauge group G and discuss how the Higgs model can be derived 
as the power-counting renormalizable extension of the flat connection ver- 
sion of the Stiickelberg theory. In Sect.Elwe develop the abelian embedding 
formalism for the Stiickelberg model. The additional BRST-invariant but 
not gauge-invariant mass term that can be written for G = SU(2) is dis- 
cussed in Sect. 01 In Sect. El we move to the analysis of a physically unitary 
and power-counting renormalizable extension of the abelian embedding for- 
malism. Power-counting renormalizability is established as a consequence 
of a set of functional identities defining the theory. The physical spectrum 
is constructed in Sect. El Conclusions are finally given in Sect. 

2 Flat connection formulation of the Stiickelberg 
model 

For the sake of definiteness we consider the gauge group G = SU(2). We fol- 
low the derivation given in Ref. [Sj (for a review of the standard Stiickelberg 
mechanism see also |2]). The (global SU(2)-symmetric) Yang-Mills action 
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in the Proca gauge is 

S = j d 4 x ( - \G ailv G^ + m 2 Tv[A^}) (2) 
where = r a A afl . r a are the Pauli matrices and G atlv is the field strength 

Gafiu = dfj,A al/ — d v A ajii + g f abc-A-b^Ad, (3) 

with f a b c = 2e a bc- Let us now perform an operator-valued SU(2) local trans- 
formation 



A'^ = nU^n + -n^d^n (4) 



with Q E SU(2). Then one gets the Stiickelberg action 
d 4 x ^ — -Ga^G^ 

2 

+ ^-Tr[( 5 oU M o + intd M n)(^U^ + in^o)]J . (5) 

S is invariant under the local SU(2) left transformations 

0' = C/ L . (6) 



is the Stiickelberg field P3E1- The matrix f2 can be parameterized in terms 
of three independent fields <p a as follows: 

n = ^(to-i + ir o a ) (7) 

with the constraint 

, 9 , 9 4m 2 , . 

^0 + ^ = ^2-- (8) 

Eq.© allows to express ^>o in terms of the fields <p a 



0o = V?" e (9) 

Therefore, as a consequence of eq.@, the action S in eq.(jSJ) contains an 
infinite number of interaction vertices and the theory is not renormalizable 
by power-counting (in D = 4). Physical unitarity of the Stiickelberg model 
in the Landau gauge has been discussed in detail in [I]. 
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By setting 



* = ^nv + = ±( i<h + (h '), (10) 

9 + y/2\<h-ihJ 



with = ( 1 ) the Stiickelberg mass term reduces to 

f d A x{D^(D^). (11) 

By dropping the constraint on the field (fro one obtains the Higgs model 
[3 El El- In contrast with the Stiickelberg model, the Higgs model is power- 
counting renormalizable in D = 4. In the Higgs model 4>q becomes an 
independent field. As is well-known, in addition to the gauge-invariant term 
in ea. (|ll|) power-counting renormalizability in D = 4 allows for two further 
invariants depending on namely J d 4 x3>t$ and f d 4 x (<I>t<3?) 2 . Their co- 
efficients can be chosen in such a way that spontaneous symmetry breaking 
is triggered by the tree-level potential and consequently (f>o acquires a non- 
vanishing v.e.v. v. The resulting action depends on an additional parameter 
A which controls the strength of the quartic Higgs self-interaction: 

S x = jd 4 x(- \G ai , v G^ + (D^(D^) - A($t$ _ V l f ) . (12) 

After the shift (fro = a + v, which amounts to the redefinition 

<S>^$ + ^= V+ , (13) 

one obtains a theory for massive non-abelian gauge bosons which contains 
an additional physical scalar particle described by the physical Higgs field a. 
The Stiickelberg model can be formally obtained by taking the limit A — ► oo 
in the action (|12|). yielding the constraint 

v 2 

$ t $-y=0. (14) 

This coincides with eq.(jHJ) by setting m = 



3 Abelian embedding formulation of the Stiickelberg 
model 

In Ref. [HI it has been pointed out that a polynomial action implementing the 
Stiickelberg mechanism can be derived from an interpolating action which 
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reproduces for different choices of its parameters the Stiickelberg theory, 
the Higgs model as well as an embedding of the Higgs model which includes 
additional physical scalar fields. The construction makes use of a BRST- 
like (on-shell nilpotent) symmetry involving a pair of ghost- antighost fields 
which are singlet under the non-abelian gauge transformations. 

It is the purpose of this Section to obtain a polynomial formulation of 
the Stiickelberg action based on a truly off-shell nilpotent BRST symmetry. 
We perform a i?£-gauge-fixing of the action 

S = j d 4 x ( - ic^GT + (D^D^) (15) 
in the BRST formalism and obtain the gauge-fixed action 
So = So + J d 4 x(^B 2 - B a (dA a + igv<j> a ) 

+u> a [d >M (D II uj) a + ig 2 v(a + v)uj a + ^g 2 ve abc (f> b uj c }) . (16) 



uj a are the non-abelian ghost fields, Q a the corresponding antighosts. B a are 
the Nakanishi-Lautrup multiplier fields. £ is the gauge parameter. 
Sq is invariant under the following BRST differential 

sA afl = {D^Uj) a = d^UJa + gfabcAbpWc , 
SU a = -^gfabc^b^c , 

S$ = iguj a Ta<& , S<fro = -gu a 4>a , S(j) a = g{uJ a 4>0 + ^abc4>b^c) , 

su> a = B a , sB a = 0. (17) 
At this point we wish to implement the constraint in eq. (|14[) 

* f *- Y = l a2 + va + 5 < fc = (18) 

by means of BRST techniques. The simplest possibility is to introduce an 
antighost field c transforming under s as follows: 

t 
2 

Since the constraint in ea. ()18|) is gauge-invariant, s 2 c = 0. One should also 
introduce the ghost c corresponding to the antighost c, which we pair in a 
BRST doublet PH EE2 EE] with a scalar field X as follows 

sX = vc, sc = 0. (20) 



S c = &$- — . (19) 
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Although it is not strictly necessary, it is tempting to consider c as the 
abelian ghost of a U(l) connection B^, so that one might also set 

sB ll = d ll c. (21) 

Then the original BRST symmetry is embedded in a larger differential with 
an abelian component given by eas. ()2U|) and 1)2 

We remark that in the embedding theory the quartic potential in S\ in 
eq,(fT2|) is s-exact since 



d A x\{&<$> - V —f = a[ / d 4 x ( - Ac ($ f $ - y))] . (22) 
By adding to the action S' in eq. l)16j) the following term 



Sconstr = / d 4 Xs(-X\Jc) 

J v 



d 4 x 



cDc + ^-XO(a 2 + 2va + <f%) 
2v 



(23) 



the constraint of the Stiickelberg model is reproduced in the way suggested 
in Ref. The non-renormalizability by power-counting is induced by the 
interaction vertices ^XO(a 2 + (j) 2 ) in the R.H.S. of eq.(|23jl. 

By looking at eas.()2U|) and ()21|) it is also clear that one can add a kinetic 
term and a mass term for without violating the BRST symmetry: 

5 U(1) = Jd'x{- \F, V F^ + \m 2 [b, - 1 -8,X) 2 ) , (24) 

where 

F„ v = d^B u - d v B^ . (25) 
With the choice of eq. (|24j) B^ is a free massive U(l) gauge field. 

4 Further BRST- invariant mass terms 

We now go back to eq,(|15|) and consider the current linearly coupled to the 
gauge fields A afl : 



f a = -igd»&r a $ + ig^T a d^ . (26) 

We evaluate its variation under a gauge transformation 5& = iga a T a $> with 
gauge parameters a a (x): 

5f a = -2g 2 ^^a a +gf abc j^a c . (27) 
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This is not the transformation of a gauge connection due to the appearance of 
the factor in front of the gradient of a a . This factor can be compensated 
by the abelian antighost field as follows. We consider the composite vector 
field 

F£ = f a + 2g 2 cd»u a (28) 
and compute its BRST variation: 

2 

= sf + 2g 2 {^^- V -)d^ a -2g 2 cd^{- 9 -f abc u: b u J ^ 

2 

= -2g 2 ^^uj a + gfabcj^ c + 2g 2 (V$ _ 1.) d ^ a 

„2- 



+2g c gf abc d^uj b u 



v 2 g 2 d»iu a + gfabdK - 2g 2 cd^ b )u c 



+2g 2 c gfabcd^uj b uj c 
= -v 2 g 2 d»LO a + gf abc F£uj c . (29) 

The above equation allows us to derive a vector field which transforms as a 
connection under s by properly rescaling Fa - by setting 

= _ _ Ft* 

a 2 2i 



= -^( K -igd»&T a <S> + ig&T a d^ + 2g 2 cd»u Ja ^ (30) 

we get 

sF£ = + gfabcFfa. (31) 

By ea, (j31|) one can use Fa in order to generate a new polynomial BRST- 
invariant (but not gauge- invariant) mass term for Aa, given by 

l -m\A»-FHY. (32) 

This term is absent in the standard flat connection formulation of the 
Stiickelberg theory. 

As a final point we remark that for an arbitrary gauge group G with 
generators T a eq.(|27|) becomes 

8ft = -g 2 &{Ta,T b }<S>d»a b + gf abc j£a c . (33) 

From the above equation we see that in order to apply the compensation 
mechanism based on the abelian antighost c the anticommutator {T a ,T b } 
has to be proportional to 5 ab times the identity matrix. 
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5 A power- counting renormalizable extension of 
the abelian embedded Stiickelberg model 



In this Section we discuss a mechanism for obtaining a power-counting renor- 
malizable theory of massive gauge bosons from the abelian embedding for- 
mulation of the Stiickelberg model. We will require that the BRST dif- 
ferential controlling the theory is off-shell nilpotent. Moreover we wish to 
formulate the theory without higher derivatives. For that purpose we set 
now 

sX\ = vc , sc = , 
v 2 

sc = _ _ v x 2 , S X 2 = . (34) 
The gauge-fixed action obtained from S\ is 

S' x = Sx + Jdtx^Bl-BaidAa + tgvta) 

+Lo a [d^{D^uj) a + (,g 2 v(a + v)u; a + £g 2 ve abc <f) b uj c ]J . (35) 
To this action we add 
S C onstr,x 2 = J d A x ~ ~ (D + 2At; 2 )c) - ^-Xl 

= J d 4 x(- c(D + 2Xv 2 )c 

+ X 2 )(D + 2\v 2 )(±a 2 + va+ \<& - vX 2 ) - ^X 2 2 ) . 

(36) 

We also introduce the antifields for A a/Ji ,uj a ,a,(f) a ,c, which we denote by 
A^,^*, a* ,</)*, c* . The complete action is finally given by 

r(0) _ a' , c 

1 — &X ' °constr,X2 

+ J d 4 x [A^D* u) a - ga*uj a (f) a + g(f)* a (u a (a + v) + € ahc <\> h u c ) 



~ gfabcUbVc + C* (^CT 2 + V O + ^(/> 2 - fX 2 ) 



(37) 



We can assign a ghost number to the fields and antifields of the theory. 
Aan, 4>a, Cj B a , X±, X 2 , c* have ghost number zero, A* afi , </>*, cr*,u) a , c have ghost 
number —1, uj a and c ghost number +1 while uj* has ghost number —2. 
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We notice that 1^°) is separately invariant under the BRST differential 
s given by 

SoA al i = (D^a = d^UJ a + gfabcM^c , 
SQl-Oa = —-gfabc^b^c, 

S0<7 = -gu a 4>a , Sofia = #(^a(o" + v) + e abc fi b UJ c ) , 

s Q u> a = B a , s B a = , s Q c = s c = s X 1 = s X 2 = (38) 

and under the BRST differential s\ given by 

s\X\ = vc , s\c = , 
t v 2 

Sl c = — — — vX 2 , siX 2 = 0, 

= SlCT = Sl0 a = SlUJ a = S\U) a = S 1 B a = . (39) 

r(°) fulfills the following functional identities 

• the non-abelian ghost equation 

jr(°) n jr(°) <5r(°) 

^T = ^ + ^ (40) 

• the abelian ghost equation 

<5r(°) 



5c 

• the abelian antighost equation 

ar(°) 

• the S-equation 

<JT(0) 



(□ + 2Az/)c (41) 



(□ + 2Av 2 )c (42) 



• the Xi-equation 



iB a - 8A a - Zgvfi a (43) 



(a + 2A^ 2 )^— (44) 



• the Adequation 

«r<°> i 2 Arw , n . 
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(□ + 2\v z )— - - (□ + 2\v z ){X 1 + AT 2 ) X 2 - vc* (45) 

oA 2 u oc p 
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si is obtained by projecting eq, (|46|) at order one in powers of c. 

The choice of gathering both invariances into a single ST identity 
equipped with the grading in c proves useful in the renormalization of 
the model, as is discussed in the Sect. 15,31 

5.1 Power-counting rules 

In Appendix we give the propagators of the model. Diagonalization of 
the quadratic part in the fields of is achieved by setting 



The corresponding UV mass dimensions of the fields and external sources 
can be summarized as follows. A a ^, a', X\, X 2 , (p a ,u> a , u a , c and c have 
dimension one, B' a has dimension two. c*, A*„, (J>*, cr* and uj* have dimension 
two. 



have UV dimension < 4. We remark for future use that the interaction 
vertices depend on Xi, X% only via the combination X\ + Xi- 

5.2 Power-counting renormalizability 

In this Section we show that the model is indeed power-counting renormal- 
izable, despite the fact that it contains the vertices in eq. (|48j) . We impose 
eas. (j4U|) - (j45|) on the 1-PI vertex functional T: 




(47) 



All interaction vertices in with the exception of 



l -{ Xl +X 2 )U{\a 2 + l - ( g) 



(48) 



5uj a 5A% 6<p* a 



(49) 
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^ = -(n + 2Xv 2 )c, (50) 
oc 



^ = (B + 2Xv 2 )c, (51) 
oc 



<)l ^Ba-dAa-igv^a, (52) 



SB a 



5T 1_ _ 2N 5r 



~(D + 2Xv z ) — , (53) 



6X 1 v v y 5c* 



<M -(□ + 2Xv 2 )^ - (□ + 2A^ 2 )(X! + X 2 ) - —X 2 - vc* . (54) 



6X2 v 5c* p 

The above set of functional equations hold together with the ST identity 

5T 5T 5T 5T 5T 5T 



sir) = + + 



iLiL iL^E b — vc 5T - 

5w* 5w a 5c* 5c a 5u) a 5X\ . 



We develop V according to the loop order as follows 



(55) 



From eq,(|53|) we get 



r = ^a (i) r (i) . (56) 

3=0 



(n + 2Xv 2 ) -— , j>1 (57) 



5Xi w 5c 
and therefore r^' depends on X\ only via the combination 



c* + -{0 + 2Xv 2 )X 1 . (58) 



From ea. ()54|) we get 



w = » (D+2A ^- j -' (59) 

which implies that T^' depends on X 2 only via the combination 

c* + -(\J + 2Xv 2 )X 2 . (60) 

v 
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Eq.([58|) together with eq. (|60j) yields that the dependence of on X U X 2 
is only via 

9 = c* + -{U + 2\v 2 ){X l +X 2 ). (61) 

v 

Moreover from eq. (|49|) we have 

SrU) 5T<j) «5rW 

i.e. depends on ui a only via the combinations 

A tn = Ky, ~ , 0*a = <P*a + Cff^a • (63) 

From eas. (|50(l and (|51() we get 

_ =0 , — =0, ,>1, (64) 

and thus T^) does not depend on c, c. From ea. Q52JI we obtain 

,jr(j') 



SB„ 



0, (65) 



hence r^' does not depend on B a . 

Therefore we can restrict the analysis of the divergences of the theory 
to the 1-PI Green functions depending on A afl , <f> a , <r, u> a , A*, (f>*, a*, u*, c* 
(those depending on at least one of Xi,X 2 ,ui a can be obtained by func- 
tional differentiation of eqs. (|57j) . (|59j) and (|62|) respectively). In all these 
amplitudes X% and X 2 are exchanged within 1-PI graphs in the combina- 
tion X = X\ + X 2 . The latter is associated to the propagator 

A = AxjXj + Ax 2 x 2 = — 5 — ^rr + 



iv 2 



p 2 _ 2 \ V 2 p 2 _ (2A + I)t,2 

(66) 



p(p 2 - 2Xv 2 )(p 2 - (2A + ±)t> 2 ) 

which falls off for p 2 — ► oo as l/(p 2 ) 2 . This means that X has UV di- 
mension zero and thus the vertex in ea.(|48|) still obeys the power-counting 
renormalizability bounds. Moreover, since A afl , <j) a , a, u a , A^, <fi*, a*, u*, c* 
have positive dimension, only a finite number of counterterms is needed in 
order to remove all the divergences of the theory. 
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5.3 Structure of the counterterms 



We assume that divergences have been recursively subtracted up to order 
re — 1 in the loop expansion and that the ST identity holds up to order re. We 
assume as well that the set of functional equations l|49 |) -l|54 |l is fulfilled up to 
order re. The n-th order ST identity reads for the symmetrically regularized 
re-th order vertex functional 

n-l 

= -Y,(T [i) ,T (n ~ j) ) (67) 
i=i 

where 5 is the linearized ST operator 

5 , 5 , , , , 5 



(fx 



(Dfj,U}) a — gUafiaT- + g(Ua(<7 + v) + € abc (f) b UJ c ) — — 

5A al , 5a dtpa 



a/1 

1 * 5 „ 6 5 ( l 2 l j2 

- ^gfabcUJbUJc-^- + B aj^~ + VC J]^ + \ 2 G +V(T+ ^ ~ 2 

5T^_5__ 5T^_5_ 5T^^_ 5T^_5_ ST® 6 - 

5A{i 5A*^ 8<f> a S(f>* 5a 5a* 5uj a 5lo* 5c 5c*. 

and the bracket in the R.H.S. of ea.(|67|) is given by 



(X, Y) = I fx 



5X 5Y 5X 5Y 5X 5Y 5X 5Y 5X 5Y 

+ ir—— + -r-r-r- + 7T-T-5— + 



-5A* a ^ 5A afJi 5(p* 5<p a 5a* 5a 5uj* 5iv a 5c* 5c . 

(69) 



Since the divergences have been recursively subtracted up to order re — 1, the 
R.H.S. of ea.(|67[) is finite. Thus, as a consequence of ea.(|67j). the divergent 
part T^ 1 ^ of must obey the linearized ST identity 

«tL = 0- (70) 

In order to solve ea.(|7l)|) it is useful to decompose 5 according to the degree 
induced by the counting operator for the 5-invariant variable c* in eq. (|61l) . 
Then 5 can be written as 

5 = 5 + 5 1 , (71) 

where 5q preserves the number of c*'s and 5\ increases it by one. The explicit 
action of the differentials 5$,5i on the variables of the model is given in 
eqs. (1T361 and (TT37I) . 
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The most general solution to eq. (|70|) of dimension < 4 and subject to 
the constraints in (|57 [) .(|59 [) .(|62 |) . (Ell) and (|H5T) is derived in Appendix [B] 
It is given by 



where d\, . . . , d\\ parameterize the n-th loop overall local divergences. After 
the recursive subtraction has been performed, the n-th order local diver- 
gences r^ 1 ^ are removed by adding the n-th order counterterms — ^^ div - 
The ST identity is preserved by this subtraction. 

We notice that one can always add to the resulting n-th order vertex 
functional 



a functional of the same form as in ea. ()145|) with finite coefficients a\, . . . , an 
while preserving the n-th order ST identity and the functional equations 
(|4T)|) - (j54"|) . These ambiguities have to be fixed by a suitable choice of nor- 
malization conditions. A convenient set of normalization conditions is given 
at the end of Sect. EJ 

6 Physical Unitarity 

In this Section we address the issue of Physical Unitarity. We first discuss the 
tree-level approximation and then move to the analysis of the renormalized 
theory. 




(72) 



r(n) _ r( n ) _i_ i'_r( n ) ^ 

1 Ft v L R,div) 
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6.1 Tree-level 

The ST identity in eq. (j46fl yields by projection at order zero in powers of c 
the following functional identity: 

.<jr(o) 87(0) 6T (o) §T (o) §T (o) 6T (o) 



\SAftSA afl 5a* 5a 5^* a 5<p a 

<5a>* <5u; a a <5u) a / 
Moreover, projection of ea. (|46[) at order one in powers of c yields 

The functional identity in ea. (|73[) is generated by the invariance of 
under the BRST differential sq in eq. (|38j) . the functional identity in eq.(|74|) 
is generated by the invariance of 1^°) under the BRST differential si in 
eq.(EU). 

Correspondingly there are two conserved asymptotic charges Qo and Q\ 
associated with eq.(|73]) and ([?4"|) respectively. They act as follows on the 
fields of the theory ([ , ] + denotes the anticommutator) : 

[Qo, A afJ ] = d^UJ a , [Qo,LJ a ] + =0, 

[Qo, (t>a\ = gVUJa , [Qo, ^a]+ = B a , [Q , B a ] = , 

[Q o ,a]=0, [Q ,X 1 ]=0, [Q ,X 2 } = 0, 

[Qo,c]+ = 0, [Q ,c] + = 0, (75) 

and 

[Qi,A a/1 ] = [Qi,(j> a ] = [Qi,cr] = [Qi,B a ] = [Qi,u a ] + = [Q\,Q a ] + = 0, 
[Q 1 ,X l ]=vc, [Qx,X 2 ]=0, 

[Q 1 ,c] + = va-vX 2 , [Q l9 c]+ = 0. (76) 
We characterize the physical Hilbert space 7~~Lphys &s the space 

Kphys = Wo n H\ , (77) 

where 

Ker Qo Ker Q x 

Ho = - — — and Hi = - — — . 78 
Im Qo Im Q\ 
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That is, Hphys is the intersection of the quotient spaces El- EH associated 
with the two conserved BRST charges Qq and Q\. 

In the sector spanned by a, X\ , X2 the mass eigenstates are a' = a — 
X\ — X2, X\ and X2. a' and X\ have mass p 2 = 2Xv 2 , X2 has mass 
p 2 = (2\+^)v 2 . c and c have mass p 2 = 2Xv 2 . u> a , uj a have mass p 2 = i{gv) 2 , 
4> a and the longitudinal component dA a of A afl have mass p 2 = (,(gv) 2 . 

We first construct TLq. From ea.()75|) we see that TCo contains c, c, X\, 
X2 and a'. Moreover the only modes belonging to Hq in the sector spanned 
by A a ^,(j) a , B a ,Lu a and oj a are the three transverse components (in the four 
dimensional sense) of A afJi , i.e. those whose polarization vector eu(p) fulfills 

£ »/ = & tp 2 = { M f) 2 = {gv) 2 . (79) 

In the above equation stands for the tree- level mass of A ajJb . Indeed we 
find (in the momentum space representation) 

[Q , e M (p)AS(p)] = -ie^p^ua = . (80) 

Moreover Q a and B a are Q -doublets 113-120], [TT]-fT3|: 

[Q ,u> a ] + = B a , [Q ,B a ]=0 (81) 

and hence they are not in TCq. The ghost oj a is also paired into a Qo-doublet 
with the longitudinal polarization p^{p) of A afl (i.e. such that p fJi {p)p lJ ' = 1 
atp 2 = e(Mf ) 2 ): 

[Qo, p»{p)A»(p)\ = -ip^p)p^ a . (82) 

From the above equation we see that uj a and Pfj,{p)Aa(p) are not in TCo . 
Finally <f> a does not belong to the kernel of Qo and thus it is outside TCq. 

We now characterize TL\. Since by ea.(|76p 

[Ql,a'] = -vc (83) 

we get that a' is not in Hi. By ea. ()76|) we also see that X\ is not in Tti while 
X2 belongs to Ti\. For any finite value of p the Qi-invariant combination 
a' + X\ is Q\ -exact since 

[Q u c]+ =va- vX 2 = v(a' + X x ) . (84) 
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Therefore a' + X\ does not belong to Ti\. From the above equation we 
also see that c is not in 7i\. Furthermore c is not in TCi since it forms a 
Qi-doublet with ^X±. This implies that the only mode in Tli in the sector 
spanned by X±,X2, a, c, c is Xi . Its mass is given by 

m X2 = (2A + -)v 2 . (85) 
P 

From eq.(|7fj|) we get that A afl , (f> a , u} a , u a , B a are also in TCi. 

By taking into account the above construction of 7i$ and H\ we conclude 
according to eq.(|77jl that H p hys is spanned by the transverse polarizations 
of A a ^ in ea.()79|) and by the scalar X%. 

6.2 Higher orders 

The analysis of the physical states in the renormalized theory follows a 
similar path. By ea.()51|) the ST identity in ea.(|55|l can be projected at 
order zero in powers of c yielding 

ST 8T 8T 8T ST ST 
+ -rrr-r- + ir— — 



8A atl 8a* 8a 



8T 8T 8T\ _ 

8uj* 8uj a a 8u) a ' 

Moreover, the projection of ea.(|55[) at order one in powers of c gives 

These are the renormalized ST identities associated with the BRST differ- 
entials so and s% respectively. 

By taking into account global SU(2) invariance and eq. (|51|) we derive 
the action of the conserved asymptotic charges Qo an d Q\ associated with 
cq. (|55)l and l|%T|) on the fields of the theory: 

[Qo,A afl ] = T^Ai^b , [Qo, u a ] + = , 
[Qo,<f>a] =Tw b <fcUb, [Qo,tia]+=B a , [Q Q ,B a ]=0, 
[Q ,a}=0, [Q Q) Xi]=0, [Q 0) X 2 ] = 0, 
[Q ,c]+ = 0, [Q ,c]+ = 0, 

and 

[Ql,Aafj] = [QiAa] = [Qi,cr] = [Qi,B a ] = [Qi,uj a ]+ = [Qi,u> a ]+ = 0. 
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[Q 1 ,X 1 ]=vc, [Q 1 ,X 2 ]=0, 

[Qi,c]+ = r CTE »a + T Xl c*Xi + Tx 2 c*X 2 , [Qi,c]. 



0. 



(89) 



The shorthand notations T^a*^, Tw b <j>* a , ^Xic* and Tx 2 c* stand for the 
two-point 1-PI Green functions 



5 2 r 



8u} b {-p)8A* aix {p) 
5 2 T 



5 2 T 



C=o 



8a(—p)Sc* (p) 



6u b (-p)6<l>* a (p) 
S 2 T 



C=o 



5X 1 (-p)5c*{p) 



C=o 



C=o 



5 2 T 



8X 2 (-p)5c*{p) 



(90) 



C=o 



where £ is a collective notation for all the fields and external sources of the 
theory. It is also useful to introduce the scalar form factor G{p 2 ) for T^a* 
by setting 



(91) 



Again the physical Hilbert space H p hys is defined as the intersection of 
the quotient spaces 7io and 7i\ associated with the conserved charges Qo 
and Q\. 

We study first Hq = Ker Qq/Ivo. Qq. From ea.l(55|l we get that cr, Xi, X% 
c and c belong to TLq. In the sector spanned by A a ^, cft a , B a ,u) a ,ui a the 
analysis proceeds as in the standard treatment given in |17|-|2()|. From the 
first of eqs, (|88|) we obtain that the transverse polarizations e M (p) of A a ^ (i.e. 
those obeying 

= at p 2 = M 2 A (92) 

where M\ is the renormalized mass of the gauge bosons A afl ) are in TCq. 
This follows since 

[Qo,e^(p)A^(p)] = -ie^T^^Uf, 

= e„(p)p" G(p 2 R = 0. (93) 

In the above equation we have used ea. (|9*T|) and ea.(|92|l. Ea.(|86|) together 
with eqs. (fi9|) and (|52|) ensures jTZl-EO] that the unphysical modes described 
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by dA a , (p a , uj a and uo a have a common mass Mg located at the solution of 
the equation 



U) b U! a 



0. 



(94) 
(95) 



The longitudinal polarization pu(p), obeying 
P»(p)p fi = l at p 2 = Ml, 
forms a Qo-doublet with uj a : 

[Qo,Pv(p) A a(p)} = -iPniP^UbA^Ub 

= ^(p)/G(p 2 K. (96) 

Thus p^(p)Aa(p) and uj a do not belong to TLq. <p a is not in the kernel of Qo 
and hence it is outside 7i$. Finally iD a and B a form a Qo-doublet 

[Qo,O a ] + = B a (97) 

and consequently they are not in H.q. We conclude that TCq is spanned by 
X\ , X2 ,c,c,a and the three transverse polarizations of A afl . 

The analysis of H\ = Ker Qi/Im Q\ at the quantum level requires to 
discuss the mixing in the sector spanned by a, X\ , X2 ■ The relevant two 
point functions are controlled by eas. ()53|) and (|54() . One gets 



T aXl = -(-p 2 + 2Xv 2 )T c 



r CT x 2 = -(-p' + 2Xv z )T c 



r XlXl = -{- P 2 + 2Xv 2 )r Xli 

V 

T XlX2 = -{-p 2 + 2\v 2 )T X2i 

V 



l -)\-p* + 2\v 2 ) 2 T. 



-{-p 2 + 2\v 2 ) \-{-p 2 + 2\v 2 )T- c 



v 



-V 



(98) 
(99) 
(100) 

(101) 



r x 



2X2 



l - { -pi + 2\v 2 )T X2 - c *- V - + ( P 2 - 
v ~ p 

-- ~(-p 2 + 2Xv 2 ) \-{-p 2 + 2Xv 2 )T £ 

V IV 



2\v 2 



2v 



- (102) 

where we have used the fact that, again as a consequence of eas, (f5l5|) and 



T Xl c* = -(-p 2 + 2\v 2 )T- c 

r X2 - c * = -(-p 2 + 2Xv 2 )T, 

v 



v . 



(103) 
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The determinant of the two-point function matrix T 2 in the sector spanned 
by a,Xi,X 2 is 

det r 2 = -(p 2 - 2\v 2 ) 2 (rl- c * - (p + rw)r™) = o . (104) 
p 

Therefore the masses of the particles in this sector are located at 

p 2 = 2Xv 2 (105) 

and at the solution of the equation 

Tl- C ,(p 2 ) - (p + T- c *- c *(p 2 ))T aa (p 2 ) = 0. (106) 

We denote the solution to ea. ()106|) by 

p 2 = M 2 . (107) 

We notice the appearance in eqs. ([100j )- (jl02|) of the combination (p 2 — 
2Xv 2 ) 2 . Its coefficient must be zero in order to ensure that the asymptotic 
states are described by pure Klein-Gordon fields (no dipole components). 
Remarkably, from eas. (|100j) - H102|) this requirement can be fulfilled by im- 
posing the single normalization condition 

IW 1^=2^2 = 0. (108) 

The above normalization condition is compatible with the symmetries of the 
theory. It can be imposed order by order in the loop expansion by exploiting 
the (5-invariant 



/ 



d 4 xS* 2 , (109) 



which can be freely added to the n-th order effective action while preserving 
all the functional identities of the model. 

Next we decompose the two point function T aiJ into its tree-level contri- 
bution and the quantum correction T, aa as follows 

^(p 2 ) = p 2 - 2Xv 2 + S CT(T (p 2 ) . (110) 

It is convenient to use the (5-invariant 

(f 4 x(V$-y) 2 (111) 
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in order to enforce recursively, order by order in the loop expansion, the 
normalization condition 



S CTCT | p2=2Aw2 = 0. (112) 

The analysis of the states spanned by a, X\ , X 2 can be done by studying 
the eigenstates of the two-point matrix 

(To-o- IVx! ^aX 2 \ 
Txio- TxiXi ^x ± x 2 I (113) 
Fx 2 ct Tx 2 Xi ^x 2 x 2 1 

at p 2 = 2Xv 2 and at p 2 = M respectively. 

We first describe the asymptotic states at p 2 = 2Xv 2 . We introduce a 
vector ip collecting the fields a, Xi,X 2 (at p 2 = 2Xv 2 ) by setting 

T ^ = (a h X H ,X 2i ). (114) 

The subscript J) means that a, X\ , X2 are taken at p 2 = 2Xv 2 . The solutions 
of the equation 

r 2|p2 =2A „2M = 0, (115) 

where we have set T u = (u a , ux± , ux 2 ) , parameterize the asymptotic states 
at p 2 = 2Xv 2 on the basis spanned by the components of ip». The field 
corresponding to the vector u is thus 

= u a a i + u Xl X 1 Q + ux 2 X 2 $. (116) 

From eqs. (|98|) - ()102|) and by taking into account eq. (|108|) and eq. ([112|) we 
get that there are two independent solutions to ea. (jll5|) : 

T ui = (1,0,0), T u 2 = (0,1,0) (117) 

so that 

tp i (u 3 )=<r i , y>|t(ua) =X n , (118) 

Ui and u 2 allow to introduce a projector n 2 ^2 on the mass eigenstates at 
p 2 = 2Xv 2 . n 2 Ai;2 acts on any vector T w = (wi,w 2 ,w^) as follows: 

n 2At,2 {ML) = (Mi " w)Mi + (M.2 ■ UL)M.2 ■ (H9) 
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Correspondingly the action on <p$(w) is given by 

H-2\v»(<pM) = (2*1 ■ ae)vtt(ai) + (as ■ «0vtt(ste) = w i°"t) + w 2X n • (120) 

Prom ea.l|89jl we see that (p$(u 2 ) = Xu does not belong to Tt\ while 
VkCMi) = °"tt does. Moreover from ea, ()89|) we also obtain that c is not in TL\ 
since it forms a Qi-doublet with --Xij. Furthermore a$ is Qi-exact also at 
the quantum level. Indeed from eq. (|89j) the action of Q\ on c reads 

[Qi,c]+ = T a - c *^ + T Xl c*X n + T X2 - c *X 2V (121) 

Since c has support at p 2 = 2Xv 2 , we need to apply the operator n 2j \„2 to 
the R.H.S. in order to project it on the subspace of asymptotic states at 
p 2 = 2Xv 2 . By eq.(H2nj) we obtain 

[Qi,c]+ = n 2Al ,2(r - E *(Tjj + Tx^Xifi + Tx 2 c*x 2 f l ) 

= ro-^o-jj + rxic*-Xi|i • (122) 

The second term in the second line of the above equation vanishes at p 2 = 
2Xv 2 as a consequence of the first of eqs. (|l()3j) . Then one is left with 

[Qi,c]+ = r 5 * a a t . (123) 

Eq. 1)123(1 implies that is Qi-exact provided that 

^a\ p 2 =2Xv 2 + (124) 



If eq. (|124|) is fulfilled, a does not belong to Hi- We notice that the condition 
in ea. (|124j) is verified at tree- level since 

and can be recursively preserved at the quantum level by making use of the 
(5-invariant 

2 

d 4 x f*(V$ - . (125) 

Moreover, eq. 1)124)) together with eq. ()112j) implies that the solution of eq. ()106j) 
cannot coincide with p 2 = 2Xv 2 . This implies that the solution of 

r 2 | p2=]g2 u = 0. (126) 
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2 2 

at p 2 = M (asymptotic state at p 2 = M ) is Qi -invariant. This can be 
proven as follows. We denote by a\,, X\\,, X2\, the fields a, X\, X2 at p 2 = M . 
Then the solution to eq. Q126j) is associated to the field 

<P\>(m) = u a (7\, + ux-lX^ + ux 2 X 2 \, ■ (127) 

This is Qi-invariant, since by eq.Q89j) [Qi, cr^] = 0, [Qx>-^2[)] = and also 
[Qi, Xi\,] = 0, due to the fact that by ea.l|41|) c has support at p 2 = 2Xv 2 . It 
cannot be Qi-exact since the only scalar G-singlet field with negative ghost 
number is c, which by eq. (|5Tj) has support at p 2 = 2Xv 2 . ip\,(u) in eq. Ql.27jl 
is the physical mode which is described at tree-level by the field X 2 - 

Prom ea.Q89jl we also see that A afl , cp a , B a , uj a ,^a are in Tt\. Therefore 
TL\ is spanned by A afl , (J) a , B a , uj a ,^a and the mode in ea. Q127|) . 

By taking into account the above characterization of Tio and Ti\ we con- 
clude that the space TL p hys m eq. Q77j) contains the three transverse polariza- 
tion modes of the gauge field A afl and a scalar particle with mass p 2 = M 
given by the solution of eq. QlOfijl . 



At this point we are in a position to provide the physical interpretation 
of the parameters ai,...,on in ea. Q145jl . a\ is associated with the finite 
renormalization of the gauge coupling constant, a 2 with that of the mass of 
the non-abelian gauge bosons. 03 has to be used to impose the normalization 
condition (absence of a tadpole) 



la 



(p 2 = 0) = . (128) 

C=o 



Analogously ag allows to set the normalization condition (absence of X\ and 
X2 tadpoles) 



5T 



SXi 



(P 2 = 0)=^ 
C=o dX z 



(p 2 = 0) = . (129) 

C=o 



04 is associated with the normalization condition on the two-point function 
T U(T at zero momentum and is used to enforce eq. Q112j) . 05, a^, a-?, ag are asso- 
ciated to finite field redefinitions of 4> a , a, A afl ,uj a respectively. By ea. Q!U6jl 
aio controls the finite renormalization of the mass of the physical scalar 
mode. Finally the freedom on the choice of an is used in order to impose 
eq. QlflSj) . which guarantees the absence of dipole fields in the asymptotic 
states in the sector spanned by a, Xi,X%. 
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7 Conclusions 



A polynomial formulation of the Stiickelberg mechanism has been derived 
by making use of an off-shell nilpotent BRST symmetry. This symmetry 
is related to a natural abelian embedding of the Stiickelberg action. The 
antighost field of the U(l) symmetry is responsible for the implementation 
of the Stiickelberg constraint. Moreover we have shown that a mass term 
for the additional U(l) gauge connection can be introduced in a BRST- 
invariant way. 

We have proven that for the gauge group SU(2) a composite vector field 
transforming as a connection under the BRST differential (but not under the 
SU(2) gauge transformations) can be obtained by using the abelian antighost 
field. This allows us to generate a new polynomial BRST-invariant but not 
gauge-invariant mass term for the non-abelian gauge fields. We have given a 
sufficient condition for the existence of this type of mass term for a general 
gauge group G. 

The abelian embedded Stiickelberg model discussed in this paper is not 
power-counting renormalizable. We have shown that there is a natural the- 
ory which extends it to a power-counting renormalizable model. The result- 
ing theory is physically unitary and contains in the physical sector the three 
physical polarizations of the massive gauge fields as well as a physical scalar 
particle. 

The existence of the conserved charge Qq shows that the spontaneous 
symmetry breaking mechanism is implemented in the model. Since the the- 
ory is power-counting renormalizable, one could conjecture that it is phys- 
ically equivalent to the Higgs model, i.e. that it yields the same physical 
S-matrix elements. The check of the conjectured equivalence in the full per- 
turbative expansion is an interesting question which deserves to be further 
investigated. 
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A Propagators 

By setting B' a = B a - ^{dA a + £,gv(f) a ) the propagators for B' a , A afl and <p a 
are diagonal: 

i i 



A ^^<OT rv + ^Tw)^ (130) 

Moreover we set a = a' + X\ + X2 . Then the propagators for Xl , and 



a' are 



A 



" ' " - - 2Xv 2 



P 



- 2Av 2 ' 



2 

- (2A~+ ±)i> 2 



A X2X2 = - - ; . (131) 



p 

In the ghost sector 

A ^ = -p2 + ^g V )2 5ab ' Ac_C = p 2 _ 2A W 2 ' (132) 

The remaining off-diagonal mixed propagators are all zero. 



B Analysis of the cohomology of 5 in the action- 
like sector 

The nilpotent linearized ST operator 5 acts as follows on the fields and the 
antifields of the model: 

8A afl = (D^uj) a , 5a = -guj a (f) a , 5(p a = g(uJ a (o- + v) + e abc (f) b uj c ) , 
5Xi = vc , 6X2 = , <5c = -a 2 + v a + -(f) 2 , — VX2 , 

■ -^9fabc^b^c , 

5§* = , 





— B a , 


SB a = 0, 


5uj a = 


6T 


5a* 




2* 
















8u a 









5ul = (133) 
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where Tq is given by 
To = S\ 

+ J d 4 x (A* afl (D> I Lj) a + a*(-guj a (f) a ) + g(f>* a (uj a (a + v) + e abc (p b u) c ) 

~ 2 U l9fabcUbUc + c*(^°" 2 + vcr + -<f>l - vX 2 f) . (134) 

It is convenient to decompose S according to the degree induced by the 
counting operator for c*: 

S = S + Si , (135) 

where So preserves the number of c*'s and S\ increases it by one. So is given 
by 

SoA a n = (Ppuja , S a = -guj a (f) a , S (t> a = g(uj a (a + v) + e abc (f) b uj c ) , 

1 2 1 2 

SoXi = vc , S X 2 = , S c = -a +va + -<p a - vX 2 , 
S c = , S ui a = B a , S B a = , S uj a = - \gfabcU b u c , 



#ro_ s ST 



^ = 6AZ> 6 ° a Sa 



c*=0 



2 
STo 

S(j>a 



S C* = , 



c*=0 



« = ^- (136) 

Si is zero on all variables but a* and </>*: 

S 1( r* = (a + v)d* , = ^ . (137) 

We now derive the most general solution to the equation 

5S = (138) 

where S is at most of dimension 4 in the fields, the antifields and their 
derivatives and fulfills the same identities as T^' in e,qs.(|57|). ([59)1 . (|62)1. ()64")) 
and 1)65)1 . Since c* has dimension two, the expansion of S in powers of c* 
stops at the second order term 

S = S + Si + S 2 (139) 

where Sj contains j c*'s. Thus eq. 1)138)) is equivalent to the coupled set of 
equations 

(5 S = , 

(5 Si + <5iS = , 

5 S 2 + 5iS 1 = 0. (140) 
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The solution to the first of the above equations is known ^2], |14j-|16j 
and can be written in terms of eight independent parameters a±, . . . , og 

S = «i J d A xG^ a G^ + a 2 f d 4 x(D^(D^) 

+a 3 J d 4 x ($t$ - v l) +a ^j d * x ($t$ _ 

+a 5 y d 4 x5o(0a^a) + a 6 y d 4 x5 (cr*a) 

+a 7 J d 4 x5o(A*^A%)+a 8 J d 4 x 5 {u* a u a ) . (141) 
Evaluation of 5\T,q gives 

5{S = J d 4 xc*[2(a e - a 5 )gauj a (pa + (a e - 2a 5 )gvuj a (j) a ] 

= So( J d 4 x(-f*[(a 6 - a 5 )a 2 + (a 6 - 2a 5 )va])) . (142) 
Therefore the second of eas. (|140(l is solved by 

"El = J d 4 xc*[(d6 — a^)a 2 + (ag — 2a^)va] 

+a 9 j d 4 x d* + aio j d 4 x - y) , (143) 

where the terms in the second line of eq. 1)143(1 are <5o-invariant. ag,a\o are 
free parameters. Obviously #i£i =0 and thus the last of eas. ()14U(l reduces 
to 5qT,2 = 0. By power-counting 

S 2 = a n / d 4 xd* 2 (144) 



where an is again a free parameter. Finally we get that the most general 
solution to eq.lpEty. compatible with eqs.((H7)l. QHfy. (|7S(l. l)M(l and (jEHJ, is 

S = ax y d 4 xG M , a Gr + a2 y d 4 x (1)^(1^$) 

+a 3 y d 4 x ($t$ _ ^) + a4 y d 4 x ($t$ _ ^.)2 
+a 5 y d 4 x<5 o (0*0 a ) + a 6 y d 4 x5 (o-V) 

+a 7 y d 4 x5 (^ t ^a) + °8 y rf 4 X 5 (^>a) + «9 J (Px C* 

+ai y d A x y) + an y d 4 xf* 2 

+ y d 4 xS*[(a 6 - a 5 )(T 2 + (a 6 - 2a 5 )i;cr] . (145) 
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We notice that the fact that the dependence of S on X2 is only via the com- 
bination c* prevents the appearance of further 5-invariants with dimension 
< 4 like 
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